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Causal modeling with directed graphs

Causal modeling:

I We want a statistical model which captures the causal
structure encoded in a directed graph G = (V ,E).

I Parents of a node are regarded as its direct causes,
further-up ancestors are only indirect causes.

I The causal diagram may come from expert knowledge
or it might be learned from observational data.
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What is a statistical model?

In this talk:
I A statistical model is a set of multivariate normal distributions X = (X1, . . . ,Xn).

I The distribution of X is entirely described by its mean µ ∈ Rn and covariance
matrix Σ ∈ PDn:

pdfX (x) =
1√

(2π)n detΣ
exp

(
−1

2(x − µ)Σ
−1(x − µ)

)
.

I We assume µ = 0 and identify X with its covariance matrix.
I So, a statistical model is a subset of PDn.

Fundamental theorem of algebraic statistics
Statistical models are semialgebraic sets.∗

∗sometimes
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Linear structural equation models

I Consider a directed acyclic graph G = (V ,E).

I The linear structural equation model for G encodes
distributions of X = (Xi : i ∈ V ) where each Xj is a
linear function of its parents, up to some noise:

Xj =
∑

i∈pa(j)
λijXi + εj , εj ∼ N (0, ωj).

X1

X2

H1

H2

H3

Y

I In short: X = ΛX + ε where Λ is G-sparse and ε ∼ N (0,Ω) with Ω diagonal.

I Solutions to this system are multivariate normal distributions with zero mean
and covariance matrix Σ satisfying the congruence

(Id−Λ)TΣ(Id−Λ) = Ω.
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Example

G = 1 2 3

Λ =

0 λ12 0
0 0 λ13
0 0 0

 ∈ R3×3, Ω =

ω11 0 0
0 ω22 0
0 0 ω33

 ∈ PD3

Σ = φG(Λ,Ω) = (Id−Λ)−TΩ(Id−Λ)−1

=

 ω11 λ12ω11 λ12λ23ω11
λ12ω11 λ2

12ω11 + ω22 λ2
12λ23ω11 + λ23ω22

λ12λ23ω11 λ2
12λ23ω11 + λ23ω22 λ2

12λ
2
23ω11 + λ2

23ω22 + ω33



I Since G is acyclic, det(Id−Λ) = 1 and φG is a polynomial map!

I Using elimination theory we find that the image is cut out of PD3 by a single
quadratic: σ13σ22 − σ12σ23.
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LSEMs as statistical models

I The model M(G) is the image of the polynomial map φG : RE × RV
>0 → PDn

φG(Λ,Ω) := Σ = (I − Λ)−TΩ(I − Λ)−1

on a semialgebraic domain. Hence, M(G) is a semialgebraic set.

I Let V(G) = im φ̂G where φ̂G : CE × CV → C(
n+1

2 ) extends the domain of φG .

Observations
I As the image of an irreducible variety under a polynomial map, V(G) is irreducible.

I We have M(G) = PDn ∩V(G). Conversely, M(G) is dense in V(G).

For many purposes we may study V(G) instead of M(G).
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Statistically meaningful things to investigate (algebraically)

Hypothesis testing [SDL24]

I Need to describe M(G) implicitly using polynomial equations (and inequalities).

I Some tests deteriorate near singularities. Is the model smooth? [Drt09]

Parameter identifiability: learning (Λ,Ω) from observations

I Is φG injective or generically injective (or at least generically finite-to-one)?

Structure identifiability: learning G from observations

I At the very least need to know model equivalence: when is M(G) =M(H)?

I Notice that for LSEMs this is the case if and only if V(G) = V(H)!
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Two shortcomings of LSEMs

I If G is acyclic, then φG has a rational inverse (global parameter identifiability).

I Identifiability is lost when G contains feedback loops (cycles).

I Different causal structures may define the same model due to Markov equivalence.

◦ → ◦ → ◦ ◦ ← ◦ ← ◦ ◦ ← ◦ → ◦ ◦ → ◦ ← ◦

I Same model despite opposite claims of causation.
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Markov / model equivalence

Verma & Pearl [VP90; AMP97]
It holds that M(G) =M(H) if and only if G and H have the same skeleton and
M(G[K ]) =M(H[K ]) for all K ∈

(V
3
)
.

I The criterion boils down to:
G[K ] is a v-structure (◦ → ◦ ← ◦) if and only if H[K ] is.

Chickering [Chi95]
It holds that M(G) =M(H) if and only if G and H can be transformed into one
another by a sequence of covered edge flips.

I An edge i → j is covered if pa(j) = pa(i) ∪ {i}.

{ ◦ ∗−→ ◦ → ◦, ◦ ∗←− ◦ ∗−→ ◦, ◦ ← ◦ ∗←− ◦} { ◦ → ◦ ← ◦}
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Lyapunov models

I We want a statistical model which captures the causal
structure of a directed graph G = (V ,E) with cycles.

I Idea of [Fit19] and independently [VH20]: unroll the
feedback loop over time:

X1

X2

H1

H2

H3

Y

· · · X(t) X(t + 1) · · ·

· · · Y (t) Y (t + 1) · · ·

I Formally, take the stationary distribution of the Ornstein–Uhlenbeck process

dX(t) = MX(t)dt + DdW(t), (cf. X = ΛX + ε)

where M is G-sparse, W a standard Brownian motion, and D diagonal.
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feedback loop over time: X1

X2

H1

H2

H3

Y

· · · X(t) X(t + 1) · · ·

· · · Y (t) Y (t + 1) · · ·

I Formally, take the stationary distribution of the Ornstein–Uhlenbeck process

dX(t) = MX(t)dt + DdW(t), (cf. X = ΛX + ε)

where M is G-sparse, W a standard Brownian motion, and D diagonal.



10 / 18

Parametrization of Lyapunov models

I The stationary distribution is Gaußian with covariance matrix satisfying the
Lyapunov equation MΣ+ ΣMT + C = 0 where C = DDT.

I If M is stable (all eigenvalues have negative real part) and C is positive definite,
then there exists a unique positive definite solution Σ.

I The Lyapunov equation is a linear matrix equation in Σ, so it can be rewritten via
vectorization and Kronecker products:

(Id⊗M + M ⊗ Id) vecΣ = − vecC .

I The unique solution is obtained via Cramer’s rule.

The Lyapunov model is an irreducible algebraic variety (inside PDn)!
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Beauty is in the eye of the beholder…

◦ → ◦ → ◦ ◦ ← ◦ ← ◦ ◦ ← ◦ → ◦ ◦ → ◦ ← ◦
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Parameter identifiability

MΣ+ ΣMT + C = 0.

I The Lyapunov equation is also a linear matrix equation in M, equivalent to:

(Σ⊗ Id+(Id⊗Σ)Kn) vecM = − vecC ,

where Kn is the commutation matrix satisfying Kn vec(M) = vec(MT).

I It has redundant rows since Σ and C are symmetric, but:

Theorem ([DHADH23])
Let G be a simple directed graph (i.e., having no directed 2-cycles). Given Σ in
the Lyapunov model of G with fixed diffusion matrix C, the parameter matrix M
is uniquely recoverable as a rational function of Σ.

Lyapunov models are more often globally identifiable than LSEMs!
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Model equivalence for Lyapunov models

I For simplicity we fix C = 2 Id. Arguments work for any diagonal C .

I We have a family of semialgebraic sets M(G) indexed by directed graphs.

I Analogously to LSEMs we get irreducible varieties V(G) such that:

M(G) = PDn ∩V(G) and M(G) is dense in V(G).

I Hence, M(G) =M(H) if and only if V(G) = V(H).

+ The goal is to learn exactly what the function field C(V(G)) reveals
about the graph G.
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The essential ingredient: missing-edge relations

I Let G be a directed acyclic graph and fix a complete DAG G′ containing G.

I Stabn(G) is a coordinate subspace of Stabn(G′).

I We want to describe M(G) as a subvariety of PDn =M(G′).

I Take the parameter identification map ψG′ and observe that if
i → j ∈ E(G′) \ E(G) then

ψG′(Σ)ij = 0 for all Σ ∈M(G) because mij = 0 on Stabn(G).

Proposition
The numerators of the ψG′(Σ)ij for i → j ∈ E(G′) \ E(G) are the missing-edge relations
of G wrt G′. They cut out a variety VG′(G) such that M(G) = PDn ∩VG′(G).

I We have VG′

G ⊇ V(G) and dimVG′(G) = dimV(G) but VG′(G) may be reducible.



14 / 18

The essential ingredient: missing-edge relations

I Let G be a directed acyclic graph and fix a complete DAG G′ containing G.

I Stabn(G) is a coordinate subspace of Stabn(G′).

I We want to describe M(G) as a subvariety of PDn =M(G′).

I Take the parameter identification map ψG′ and observe that if
i → j ∈ E(G′) \ E(G) then

ψG′(Σ)ij = 0 for all Σ ∈M(G) because mij = 0 on Stabn(G).

Proposition
The numerators of the ψG′(Σ)ij for i → j ∈ E(G′) \ E(G) are the missing-edge relations
of G wrt G′. They cut out a variety VG′(G) such that M(G) = PDn ∩VG′(G).

I We have VG′

G ⊇ V(G) and dimVG′(G) = dimV(G) but VG′(G) may be reducible.



14 / 18

The essential ingredient: missing-edge relations

I Let G be a directed acyclic graph and fix a complete DAG G′ containing G.

I Stabn(G) is a coordinate subspace of Stabn(G′).

I We want to describe M(G) as a subvariety of PDn =M(G′).

I Take the parameter identification map ψG′ and observe that if
i → j ∈ E(G′) \ E(G) then

ψG′(Σ)ij = 0 for all Σ ∈M(G) because mij = 0 on Stabn(G).

Proposition
The numerators of the ψG′(Σ)ij for i → j ∈ E(G′) \ E(G) are the missing-edge relations
of G wrt G′. They cut out a variety VG′(G) such that M(G) = PDn ∩VG′(G).

I We have VG′

G ⊇ V(G) and dimVG′(G) = dimV(G) but VG′(G) may be reducible.



14 / 18

The essential ingredient: missing-edge relations

I Let G be a directed acyclic graph and fix a complete DAG G′ containing G.

I Stabn(G) is a coordinate subspace of Stabn(G′).

I We want to describe M(G) as a subvariety of PDn =M(G′).

I Take the parameter identification map ψG′ and observe that if
i → j ∈ E(G′) \ E(G) then

ψG′(Σ)ij = 0 for all Σ ∈M(G) because mij = 0 on Stabn(G).

Proposition
The numerators of the ψG′(Σ)ij for i → j ∈ E(G′) \ E(G) are the missing-edge relations
of G wrt G′. They cut out a variety VG′(G) such that M(G) = PDn ∩VG′(G).

I We have VG′

G ⊇ V(G) and dimVG′(G) = dimV(G) but VG′(G) may be reducible.



14 / 18

The essential ingredient: missing-edge relations

I Let G be a directed acyclic graph and fix a complete DAG G′ containing G.

I Stabn(G) is a coordinate subspace of Stabn(G′).

I We want to describe M(G) as a subvariety of PDn =M(G′).

I Take the parameter identification map ψG′ and observe that if
i → j ∈ E(G′) \ E(G) then

ψG′(Σ)ij = 0 for all Σ ∈M(G) because mij = 0 on Stabn(G).

Proposition
The numerators of the ψG′(Σ)ij for i → j ∈ E(G′) \ E(G) are the missing-edge relations
of G wrt G′. They cut out a variety VG′(G) such that M(G) = PDn ∩VG′(G).

I We have VG′

G ⊇ V(G) and dimVG′(G) = dimV(G) but VG′(G) may be reducible.



14 / 18

The essential ingredient: missing-edge relations

I Let G be a directed acyclic graph and fix a complete DAG G′ containing G.

I Stabn(G) is a coordinate subspace of Stabn(G′).

I We want to describe M(G) as a subvariety of PDn =M(G′).

I Take the parameter identification map ψG′ and observe that if
i → j ∈ E(G′) \ E(G) then

ψG′(Σ)ij = 0 for all Σ ∈M(G) because mij = 0 on Stabn(G).

Proposition
The numerators of the ψG′(Σ)ij for i → j ∈ E(G′) \ E(G) are the missing-edge relations
of G wrt G′. They cut out a variety VG′(G) such that M(G) = PDn ∩VG′(G).

I We have VG′

G ⊇ V(G) and dimVG′(G) = dimV(G) but VG′(G) may be reducible.



15 / 18

Model equivalence via induced subgraphs

Theorem ([ABHM25])
If G and H are acyclic then M(G) =M(H) if and only if they have the same skeleton
and M(G[K ]) =M(H[K ]) for all K ∈

(V
4
)
.

+ Bayesian networks require all 3-induced subgraphs to be equivalent.

Corollary
Lyapunov models refine the Markov equivalence classes of LSEMs.

Corollary
Model equivalence can be checked in polynomial time.
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Model equivalence via edge flips

Theorem ([ABHM25])
If G and H are acyclic then M(G) =M(H) if and only if there is a sequence of
super-covered edge flips that transforms G into H.

The edge i → j is super-covered if:
I pa(i) ∪ {i} = pa(j) and ch(i) = ch(j) ∪ {j},

I for all k ∈ pa(j) and l ∈ ch(i) the edge k → l exists in G,
I if i ∧ k or k ∧ j (= have a common ancestor in G) then i → k or k → j in G.

+ A→ B → C and C → B → A define different Lyapunov models!

Corollary
A DAG is uniquely identifiable from data (within the class of DAGs) if and only if it
does not contain a super-covered edge.
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A sparsest (connected) example of non-identifiability

I pa(i) ∪ {i} = pa(j) and ch(i) = ch(j) ∪ {j},
I for all k ∈ pa(j) and l ∈ ch(i) the edge k → l exists in G,
I if i ∧ k or k ∧ j (= have a common ancestor in G) then i → k or k → j in G.

1 2

3 4

1 2

3 4
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Reservations and open problems

I We assume that the diffusion matrix D (and hence C = DDT) is diagonal
corresponding to independent noise from the Brownian motion.

I Our characterization holds only within the class of directed acyclic graphs.
I How to learn the graph in practice from observational data?
I What is the asymptotic number of structurally identifiable DAGs? How does it

compare to LSEMs?

Lyapunov DAG models Bayesian network models
n DAGs Distinct models Identifiable Distinct models Identifiable
3 25 17 13 11 4
4 543 461 423 185 59
5 29 281 27 697 26 761 8 782 2 616
6 3 781 503 3 715 745 3 665 673 1 067 825 306 117
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