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Optimization problems over small PD matrices

I N = {1, . . . , n}. Σ ∈ PDn (mostly n = 4).

I For each K ⊆ N denote by Σ[K ] := det(ΣK ,K ). ([123] is short for [{1, 2, 3}])
I For α : 2N → R let Σ[α] :=

∏
K⊆N Σ[K ]α(K).

Problem
For given α, β1, . . . , βm : 2N → R, find inf{Σ[α] : Σ ∈ PDn,Σ[β1] = · · · = Σ[βm] = 1}.

I What is the infimum over PD4 of

[ϕ] =
[13][14][23][24][34]
[12][3][4][134][234]

=
(pr − b2)(ps − c2)(qr − d2)(qs − e2)(rs − f 2)

rs(pq − a2)(prs − sb2 − rc2 + 2bcf − pf 2)(qrs − sd2 − re2 + 2def − qf 2)
?
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Entropy profiles and inequalities

Let X = (X1, . . . ,Xn) be a Gaussian random vector with covariance Σ ∈ PDn.

I The differential entropy is H(X) = n
2 log(2πe) + 1

2 log|Σ|.
I The entropy profile of X is hX : 2N → R,

hX (K) = H(XK ) =
|K |
2 log(2πe) + 1

2 log Σ[K ].

I Let γ∗n ⊆ R2n be the set of all n-variate Gaussian entropy profiles.

We are looking for (sharp) inequalities 〈α, h〉 ≥ 0 for all h ∈ γ∗
n .

I The set of all valid inequalities α form a convex cone An = (γ∗n)
∨ ⊆ R2n .

Alternatively: what is the boundary of the convex cone An like?
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Some elementary inequalities

I For I, J ,K ⊆ N the Koteljanskii inequality says

[I : J | K ] :=
Σ[I ∪ K ] · Σ[J ∪ K ]

Σ[I ∪ J ∪ K ] · Σ[K ]
≥ 1.

I Conditional independence is an “extreme position”:

Σ[I : J | K ] = 1 ⇐⇒ [XI ⊥⊥ XJ | XK ].

I The ϕ functional encodes a trade-off between conditional independencies:

[ϕ] =
[1 : 2][3 : 4 | 1][3 : 4 | 2]

[3 : 4] .
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From convex to semialgebraic

Validity of an inequality
Given α : 2N → R, decide if α ∈ An.

Balance condition
If α ∈ An then it is balanced:

∑
i∈K⊆N α(K) = 0 for each i ∈ N.

I Add up all these equations:
∑

K⊆N |K |α(K) = 0. Then

〈α, hX 〉 =
1
2 log(2πe)

∑
K⊆N

|K |α(K) +
1
2
∑
K⊆N

α(K) log Σ[K ] =
1
2 log Σ[α].

I α ∈ An ⇐⇒ 〈α, h〉 ≥ 0 ∀h ∈ γ∗n ⇐⇒ Σ[α] ≥ 1 ∀Σ ∈ PDn.
I If α is Q-valued, this is decidable.
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Cylindrical algebraic decomposition

https://mathematica.stackexchange.com/a/83166

https://mathematica.stackexchange.com/a/83166
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Background: Matrix analysis

I An is the cone of “absolutely bounded ratios of products of principal minors”.

I Johnson–Barrett (1993) proved that A3 is polyhedral.
I Discovered the sporadic function ϕ to which their methods do not apply.
I Hall–Johnson (2008) proved that “bounded ratios” Bn, n ≤ 4, are polyhedral.

I Each R-linear matroid r gives an inequality 〈α, r〉 ≥ 0 for each α ∈ Bn.
I Recent work on the tropicalization of γ∗n : [ARVY25]

I Hall–Johnson conjecture inf{Σ[ϕ] : Σ ∈ PD4} = 16/27.
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Background: Information theory

I An is the cone of “information inequalities for scalar Gaussian distributions”.

I 〈ϕ, h〉 ≥ 0 is exactly the Ingleton inequality!
I Information inequalities involving ϕ are very well studied, cf. Studený (2021).

Chan’s transfer principle
Let α : 2N → R be balanced. If 〈α, h〉 ≥ 0 for every entropy profile h of discrete
random variables then 〈α, h〉 ≥ 0 for all h ∈ γ∗n .

I Information inequalities for discrete RVs subsume rank inequalities for algebraic
matroids, inequalities on subgroup indices of finite groups, and more.

I Can use PD matrices to disprove such inequalities.
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The Ingleton functional

Theorem
The infimum of [ϕ] over PD4 is 16/27.

I In theory provable by CAD but not in practice.
I Proof is ≈ 7 pages of calculus to achieve a symmetry reduction.
I The curve

Σt =


1 t3 t t
t3 1 t t
t t 1 t
t t t 1


is positive definite for t → 1− and has Σt [ϕ] → 16/27.
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The Wings of Ingleton
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Conditional inequalities

The infimum of [ϕ] subject to [3 : 4 | 1] = [3 : 4 | 2] = 1 is 27/32.
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The GMM functionals

[ϕk ] := [ϕ] ·
(
[13][34]
[3][134] ·

[14][34]
[4][134] ·

[23][34]
[3][234] ·

[24][34]
[4][234]

)k
, for real k ≥ 0

Theorem
The infimum of [ϕk ] over PD4 is given by{

(4k+4)4k+4

16(4k+3)4k+3 , if 0 ≤ k < k∗,
1, if k ≥ k∗,

where k∗ ≈ 0.59829 is the unique positive solution to (4k + 4)4k+4 = 16(4k + 3)4k+3.

I Have a Lean proof thanks to Thomas Kahle and Claude Code.
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Semialgebraicity of information inequalities

Gómez–Mejía–Montoya (2017)
If there does not exist k ≥ 0 such that ϕk ∈ A4 then A4 is not semialgebraic.

I Unfortunately, we proved ϕk ∈ A4 for all k ≥ k∗.

And yet...

Theorem
The number k∗ is transcendental, so A4 is not semialgebraic over Q.

ϕ

A4

ϕk∗
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Wrap-up

I Information theory furnishes challenging problems on small PD matrices.

I We can also show that A4 is not polyhedral (over R).
I Is A4 semialgebraic over Q(k∗)?
I Is there a deeper reason why we see so many rational infima?
I Are there any tricks to solving optimization problems of this form?
I Good (tropical) heuristics for disproving inequalities?
I Forthcoming work on stable conditional independence implication:

“If A =⇒ B but A holds only approximately,
does B hold up to an error of the same magnitude?”
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