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Submodular functions

Fix a finite set N of size |N| = n with powerset denoted by 2V.
The functions f: 2V — R form a vector space = R?".

Assume throughout that £(()) = 0.
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The submodular functions Submody form a polyhedral cone in this space:
f(N+fN)>fIUS)+f(INJ) forall I;J C N.

» Submodularity in general already follows from local submodularity:

Fi: 1K) =f{i}UK)+ f({j}UK) = F({i,j} UK) = f(K) =0

forall i,je N, KCN.
» Think of the symbols (K) and (i : j | K) as dual vectors in (R2")*.
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» Dimensions of subspace arrangements: D a skew field, V' a finite-dimensional
(left) vector space over D and (U; : i € N) a collection of subspaces:

K s dim Z Uy.
keK

» Projection dimensions of affine algebraic varieties: k a field and V C kN an
irreducible k-variety:
K — dimmk (V).

» Logarithmic principal minors: ¥ an n x n positive definite matrix:

K — logdet > k.
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» Logarithmic indices of subgroup arrangements: G a finite group and
(H; : i € N) subgroups:
G: ﬂ H,
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K — log

» Shannon entropies: (X;: i € N) jointly distributed discrete random variables
with X; taking values in Q;:
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What else?
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Why inequalities?

Topic: Linear inequalities (a, f) > 0 where a € (R2")*.

Give properties shared by different core mathematical concepts.
Necessary conditions for matroids to be linear or algebraic. [BF25]
Lower bound share sizes in perfect secret sharing schemes. [FKMP20]
Certify optimality of protocols in secure computation. [PP14]

Implications for conditional independence in statistics. [BBS25]
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Inequalities on the submodular part of the “tropical affine flag variety”. [ARVY25]
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What is lost by studying only linear inequalities?

» Consider the set Sy(D) C R2" of D-multilinear functions.
» Since vector spaces have a direct product we have f,g € Sy — f+ g € Sy.

» We make two small modifications:
Sy = cl{\f: f €Sy, A >0}

» Behold: if f,g € Sy and A > 0 then f + \g € Sy.

It is enough to “homogenize” and close up in the euclidean topology
to get the convex conic closure of Sy.
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Elementary rank inequalities

» Each of our example classes satisfies the following inequality:
f(1) —f(3)+ f(1,3) +2f(2,3) — 27(1,2,3) > 0
» In particular if G is any finite group and Hi, H», H3 are subgroups then
[G: H1][G : Hi N H3][G : Ho N H3]? > [G : H3][G : Hy N Ha N Hs)?.
» The reason is obvious:

(1)—(3)+(1,3)+2(2,3) = 2(1,2,3) = (1: 2)+(1: 3] 2)+ (1 : 2| 3) € Submods,.
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Some non-elementary rank inequalities

» The Zhang—Yeung inequality [ZY98] also holds for all the example classes:
(1:2)+2(3:4|1)+(3:4[2)+(1:3]4)+(1:4|3)>(3:4).
» In fact, for every s > 0 the following generalization holds [Mat07]:
s[(1:2)+(3:4]1)+(3:4(2)—(3:4)]+

s(s+1)

(1:4]3)+ >

[(1:3]14)+(3:4]|1)] >0.

Only the case s = 0 is contained in Submod;!

» The highlighted part is the Ingleton functional which is always non-negative for
multilinear functions but can be negative for any of the other example classes!
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The Copy lemma

» Fix a partition N = KU L. Let K = {k' : k € K} be a “copy” of K:
disjoint from K and L and with a bijection to K via priming (k — k).

» For f € Submodk; a selfadhesive extension with respect to L is
f € Submodk 1k’ such that:
flu)=FfUuJd)=FfIUJ) forall I CK,JCL, and
F(KUL)+f(K'UL)=f(KULUK')+ f(L).

» Denote by Adhepy(f; L) the set of all such extensions.

Copy lemma template

Fix a family (Cy : N finite), Cy € Submody, of cones of interest. Suppose that
EL(CN) C Cpforall LC N. If f € Ckyy then there exists a selfadhesive extension
fe Adhe/\/(f; L) N CxuLuk! -
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Incarnations of the Copy lemma

The Copy lemma is often realized by some sort of fiber product.
» Let X be an object and 7: X — S a projection map “restricting” X to S.

» We want an object of the form X xs X = {(x,x') € X x X : 7(x) = 7(x)}.

» This works verbatim for: subspaces, varieties, and groups.

» For Shannon entropies use the conditional product [Stu21].

» For PD matrices this works [Boe23|:

zz<A B)»—> BT D A, withA=BTA!B.
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The Zhang—Yeung inequality revisited

(1:2)4+2(3:4|1)+((3:412)+(1:3]4)+(1:4]3)>(3:4).

» We have N = {1,2,3,4}. Set K ={1,2}, L = {3,4}, and K' = {1, 2'}.
» This function is evidently non-negative on Submody; 5341/ 2y
(1:2]1)+(1:1|3)+(1:1|4)+(1:1"|234)+3-(1:2"|1'34) +
(:2]3)+(1:2]4)+(1:2]134)+3-(2:2"|11'34) +
(3:4]11)+(3:4|12)+(1':3|124) + (1" : 4] 12).
» It is equal to the claimed expression modulo the Copy relations:
(34) + (11/22'34) = (1234) + (1'2'34),
(1) = (1), (13)=(1'3), (14) =(1'4), (1'34) = (134).
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Lemma

The function f € Ckyy has a selfadhesive extension in Cx k' with respect to L if and
only if f € mkyur(Adhen(L) N Cxurukr) where Adhey(L) is the linear space given by

fluJd)y=F'UJ) forall | C K,JC L, and
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Higher selfadhesivity

C,S\Ia = ﬂ ﬂKuL(AdheN(L) N CKULUK’)
LCN
» The operator sa is decreasing: C37 € Cy (use L = N).
» If (Cy : N finite), Cy C Submody, has a Copy lemma then Cy = G}
» So Copy lemma = Cp C Submody.

» The Vamos matroid is in Submodg \ Submodg® because it violates Zhang—Yeung.
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Higher selfadhesivity

» We can iterate this: let
Submod{ := Submody,

Submod{f V% = (Submod’?)=2.

» Higher selfadhesions of Submody form a descending chain of polyhedral cones.

» Very little is known about the limit object

Cn C Submody®® == ﬂ Submod};*®,
k<w

except that it is non-polyhedral. [Mat07]
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Summary

vVvyVvyyepy

The Copy lemma relies on structure that is a bit like a fiber product.
Can be used to amplify known inequalities using linear programming.
Over 200 sporadic inequalities and several infinite families. [DFZ11]
Remember that all of them are valid for all our example classes.
Iterated use can even prove that cones of valid inequalities are non-polyhedral:
» Shannon entropies for |N| > 4. [Mat07]
» Subgroup indices for [N| > 4. [CY02]
» Logarithmic principal minors for |N| > 4. [BB26]
It is open if this is also true for “multialgebraic” functions.

Is Submod},*? semialgebraic?
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