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Recognizing linear matroids

» Consider an F-vector space V.
» Elements vq,..., v, € V define a linear matroid on [n]:
» [ is independent if and only if (v; : i € ) is linearly independent over F,

» The rank of a set K is the dimension of span(v; : i € K) over F.

Recognition problem

Is there an algorithm to which | can input a matroid and it tells me if it is F-linear?

Universality theorem (MacLane (1936)7)

The recognition problem is just as hard as deciding if a system of Diophantine
equations has a solution over F.
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Simple linear matroids of rank 3: points and lines

» In a simple linear matroid of rank 3 any two vectors are independent.
» Think of a vector as a point in a projective plane. Any two points span a line.

» The matroid encodes which points are on which lines.

von Staudt (1857)

The existential theory of F reduces to constructing point-line configurations.
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Where is Waldo?
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Where is Waldo? On the cube root of 4!
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Algebraic matroids

» Consider a field extension K/F.
» Elements xi,...,x, € K define an algebraic matroid on [n]:
» [ is independent if and only if {x; : i € I} is algebraically independent over F,

» The rank of a set A is the transcendence degree of F(x; : i € A) over F.

Recognition problems

» AlgMatg: Is M algebraic over a field F7?
» AlgMat,: Is M algebraic over some field of characteristic p?
» AlgMat: Is M algebraic over some field?



Non-Fano is algebraic over [,

Xy

yz

XZ



Some results and connections

Piff (1969) & Ingleton (1971)

If M is linear over F then it is algebraic over F. If F is algebraically closed of
characteristic zero, the converse holds, too.



Some results and connections

Piff (1969) & Ingleton (1971)

If M is linear over F then it is algebraic over F. If F is algebraically closed of
characteristic zero, the converse holds, too.

Piff (1972) & Lindstrom (1989)
M is algebraic over some field F if and only if it is algebraic over the prime field of F.

1= Thus AlgMatg = AlgMatg = AlgMat,,.



Some results and connections

Piff (1969) & Ingleton (1971)

If M is linear over F then it is algebraic over F. If F is algebraically closed of
characteristic zero, the converse holds, too.

Piff (1972) & Lindstrém (1989)

M is algebraic over some field F if and only if it is algebraic over the prime field of F.
1= Thus AlgMatg = AlgMatg = AlgMat,,.

Lindstrom (1985)

For each prime p > 0 there is a matroid M, which is algebraic over a field F if and
only if char F = p.

1" Can reduce AlgMat, to AlgMat by transforming M to M & M.
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Recognizing algebraic matroids

Boege—Yashfe (2026+)
The problem AlgMat,, is undecidable for all p > 0. Hence, AlgMat is undecidable, too.

» Suppose K/F is a field extension and xi,...,x, € K. We can assume F =T,.

» They are the coordinate functions of an irreducible affine variety V over IF:
» Consider the map ¢: Fy[ty, ..., ts] = K sending t; — x;.
» Then .# = ker ¢ is prime and its zero locus is an irreducible variety.

» The search space for algebraic representations is Spec Fp[xi, ..., Xn].
» Unclear how to perform the search or conclude that there is no representation.

» Also unclear how to encode the execution of a universal Turing machine in this.
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The Group Configuration Theorem

» Two tuples (x;) and (x!) in K/F are interalgebraic if acl(F(x;)) = acl(F(x])).

Hrushovski (1986)

Let K/F both be algebraically closed. If x,y,z, a, b, c € K are an algebraic realization
of the below group configuration matroid over F then there exists a one-dimensional,

connected algebraic group G defined over F and an interalgebraic realization of the
/—1 7
x'.

form x',y',z/,a',b',c’ € G where & = x'"1y/, b/ =y 717, and ¢/ =z

X
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Endomorphism labeling

» The Group Configuration Theorem regularizes algebraic representations: instead
of arbitrary polynomial equations we can assume multiplication in some group.

Evans & Hrushovski (1991)

Consider the augmented (double) group configuration below. There exist non-zero
B,7 € Endg(G) such that acl(b’) = acl(B(y) * v(2)).
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Census of one-dimensional, connected algebraic groups

Theorem

The one-dimensional, connected algebraic groups in K defined over F are:
» G,(K) the additive group of K, or
» Gn(K) the multiplicative group of K, or
» E(K) the K-rational points of an elliptic curve.

» All of them are abelian, Endg(G) are all rings satisfying the left Ore property.
» Thus, Endr(G) embeds into a canonical skew field of fractions Lg(G).

Theorem

» Lr(G,) is the skew field F(o) where o: F — F is the Frobenius,
» Lr(Gm) = Q,
> Lr(E) € {Q(v/—d), (a@b) I3
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Coordinates

Evans & Hrushovski (1991)

Let G be a one-dimensional, connected algebraic group in K defined over F and
x,y,z € G independent and generic. The collection of fields

{acl(a(x) * B(y) *v(2)) : @, 8,y € Endg(G) not all zero}

is a projective plane.

» These projective planes are coordinatized by the skew fields Lg(G).

» The group configuration acts as a projective basis.



Group configuration as a projective basis

[0:1:0]

[0:0:1] [1:0:0]
[1:0:1] [y*B8:0:1]

X axis
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Playing with skew fields

» Von Staudt constructions become available through algebraic matroids.
» Get access to the existential theory of a skew field but we do not know which.

Observation

The existential theory of F,(c) reduces to AlgMat,, for all p > 0.
» It is the only skew field of characteristic p!

Observation
The existential theory of Q reduces to AlgMat,, for all p > 0.

> Pick a (supersingular) elliptic curve E and a, b € Zq such that L(E) = (a@b).

» Any x,y € (%’) with x> = a,y? = b,xy = —yx yield a Q-basis {1, x,y, xy}.
» Then w € Q <= xw = wx A yw = wy is an existential definition of Q.
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Undecidability in the affine group

» The affine group is a two-dimensional, connected algebraic group

AF(K) = Ga(K) % Gm(K) = {(3 i) i se KX ae K}.

» Group Configuration Theorem works in rank two but requires work to get Aff.

Helpful facts about Aff

» G, is the smallest non-trivial normal subgroup. It is [Aff, Aff] and characteristic.
» Any two complements of G, in Aff are conjugate.

» Aff is not abelian, so no more skew field or projective geometry.

» Instead, there is a group of definable automorphisms through which
the coordinate skew fields of G, and G, can interact.
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Undecidability in the affine group

» Using von Staudt for G, we can describe an automorphism of Aff which:
» projectsto p € Q = LE(Gm) acting as s — sP (the Frobenius), and
> thus restricts to co € Fy(0) = Lg;(Ga) for some c € F,~.

This smuggles Frobenius from G,, via Aff into G,.

» The centralizer of co in Fy(0) is Fp(co).

» We get an existential definition of the field F,(t) with a distinguished generator t.

Pheidas (1991) & Videla (1994)

The existential theory of the field F,(t) with named generator t is undecidable.
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